
Combinatorics

Abhay B

March 2021

§1 Intro

Algorithms can be used to construct constructions for problems or to prove/disprove conditions.

Look at different perspectives for the problem, reword it.

§2 Construct

It is often hard to make a very specific construction that work in the general case. In these times,

you can often make an algorithm that converts something that doesn’t work to something that

does. Or to construct the answer given any condition.

Example 1

We have a graph of max degree d. Color the vertices with d + 1 colors.

Remark 1

This is what chromatic number X means:the max number of colors we need to color a graph.

i.e. the question says prove X ≤ d + 1.

Example 2

We have n2 balls of n colors. Show that we can place into n bins so that every bin has atmost

2 colors of balls.
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Example 3 (BAMO 1999)

A lock has 16 keys arranged in a 4 x 4 array, each key oriented either horizontally or vertically.

In order to open it, all the keys must be vertically oriented. When a key is switched to another

position, all the other keys in the same row and column automatically switch their positions

too. Show that no matter what the starting positions are, it is always possible to open this lock.

(Only one key at a time can be switched.)

Example 4

Let G be a graph with m > 0 edges and n > 1 vertices. Show that G has a nonempty induced

subgraph H with minimum degree at least m
n .

Example 5 (IMO 2014/5)

For every positive integer n, the Bank of Cape Town issues coins of denomination 1
n . Given

a finite collection of such coins (of not necessarily different denominations) with total value at

most 99 + 1
2 , prove that it is possible to split this collection into 100 or fewer groups, such that

each group has total value at most 1.

§3 Induction

At other times, you want to show something specific or have a discrete structure. in such places

induction/strong induction is really helpful. Thinking of induction as a process is an important

idea. Graph theory often uses such ideas.

Remark 2

It is useful to check if the problem condition holds for smaller values as well. This often gives

other types of intuition as well, so always do. Also draw or write stuff down. Use tables or graphs

or diagrams to visualise. All these things help solving and motivate many steps in solutions which

otherwise seem to be pulled out of thin air.

Example 6 (BAMO 2006)

Suppose that n squares of an infinite square grid are colored grey, and the rest are colored white.

At each step, a new grid of squares is obtained based on the previous one, as follows. For

each location in the grid, examine that square, the square immediately above, and the square

immediately to the right. If there are two or three grey squares among these three, then in the
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next grid, color that location grey; otherwise. color it white. Prove that after at most n steps

all the squares in the grid will be white.

Example 7 (IMO 1997)

An n x n matrix (square array) whose entries come from the set S = {1, 2, . . . , 2n− 1} is called

a silver matrix if, for each i = 1...n . the ith row and the ith column together contain all the

members of S. Show that silver matrices exist for infinitely many values of n .

Example 8

I invite 10 couples to a party at my house. I ask everyone present, including my wife, how many

people they shook hands with. It turns out that everyone questioned-I didn’t question myself,

of course-shook hands with a different number of people. If we assume that no one shook hands

with his or her partner, how many people did my wife shake hands with?

Specifically with induction you can prove approach differently. You may sometimes show that if

some property holds for a given structure then it holds for some other structure of lesser size and

induct down.

Example 9

In a finite simple graph G, all vertices can be black or red. In a move, you can pick a vertex

v and toggle the colors of v and its neighbors. Initially, all vertices are black; prove that it’s

possible to make all vertices red.

Example 10

Let G be a connected graph with k edges. Show that the edges can be labeled 1, 2, ..., k in such a

way that for every vertex of degree greater than 1, the labels of the adjacent edges have greatest

common divisor 1.

Example 11

Determine the minimum and maximum value of X(G)+X(Ḡ) over all graphs G on 100 vertices.

(Here X denotes the chromatic number, and Ḡ is the complement of G.)
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§4 Processes

We are often given an algorithm in the question,like a procedure. We need to prove something

is/is not possible. Invariants/Monovariants are very useful for this.The Extremal principle

is another very important idea.

Example 12

There are a white, b black, and c red chips on a table. In one step, you may choose two chips

of different colors and replace them by a chip of the third color. If just one chip will remain at

the end, its color will not depend on the evolution of the game. When can this final state be

reached?

Example 13

Several positive integers are written on a blackboard. One can erase any two distinct integers and

write their greatest common divisor and least common multiple instead. Prove that eventually

the numbers will stop changing.

The following is not exactly a process, but it helps with invariant intuition.

Example 14

Let p1, p2, ..., p1997 be distinct points in the plane. Connect the points with the line segments

p1p2, p2p3, p3p4..., p1996p1997, p1997p1 . Can one draw a line that passes through the interior of

every one of these segments?

Example 15 (Putnam 1979)

There are n red and n blue points in the plane. Is it always possible to join them with n segments

such that each segment connects one red and one blue vertex,all vertices are covered and no two

segments intersect?

Example 16

The n cards of a deck (where n is an arbitrary positive integer) are labeled 1, 2, ..., n. Starting

with the deck in any order, repeat the following operation: if the card on top is labeled k, reverse

the order of the first k cards. Prove that eventually the first card will be 1 (so no further changes

occur).
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Example 17

A finite graph G is drawn on a blackboard. The following operation is permitted: pick any cycle

of C of G, draw a new vertex v, connect it to all vertices of C, and finally erase all the edges of

C. Prove that this operation can only be done a finite number of times.

§5 Greedy

In a greedy algorithm, we try to be as greedy/optimal as possible at each step. This is not always

optimal in the long run, but many problems can be approached this way. A useful battle cry RUST:

repeat until stuck.

Sometimes we don’t care about the details of the process itself. So we just do ”something until

we can’t”. Then, the fact that ”we can’t” enforces conditions on the problem that are useful to

solve. This is often related to the Extremal principle.

Example 18

Let A1, ..., An be subsets of 1, 2, ..., n of size 3. Prove that
⌊
n
3

⌋
members of 1, 2, . . . , n can be

colored such that each Ai’s has at least one member that is not colored.

Example 19 (Germany 2000)

There are stones with a total mass of 9 tons that should be transported by trucks. None of the

stones is heavier than 1 ton and each vehicle has a capacity of 3 tons. Determine the minimum

number of necessary trucks such that the stones can be transported at the same time for sure.

Example 20

Suppose 4951 distinct points in the plane are given such that no four points are collinear. Show

that it is possible to select 100 of the points for which no three points are collinear.

Example 21 (IMO 2014/6)

A set of lines in the plane is in general position if no two are parallel and no three pass through

the same point. A set of lines in general position cuts the plane into regions, some of which have

finite area; we call these its finite regions. Prove that for all sufficiently large n, in any set of n

lines in general position it is possible to colour at least
√
n lines blue in such a way that none of
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its finite regions has a completely blue boundary.

§6 References

• Evan Chen - OTIS Excerpts and other handouts.

• I used a few examples from https://www.awesomemath.org/wp-pdf-files/math-reflections/

mr-2015-04/article_1_algorithms.pdf

• Also Paul Zeitz- Art and craft of problem solving

https://www.awesomemath.org/wp-pdf-files/math-reflections/mr-2015-04/article_1_algorithms.pdf
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